Statistical Sciences (IJAMSS)
ISSN(P): 2319-3972; ISSN(E): 2319-3980
Vol. 7, Issue 1, Dec - Jan 2018; 31 - 42

International Journal of Applied Mathematics c International Academy of Science
’
-

Engineering and Technology
IASET Connecting Researchers; Nurturing Innovations

© IASET
APPROXIMATE SOLUTION TO MELTING ICE PROBLEM VIA ADOMIAN
DECOMPOSITION METHOD
Ahmed Ismail Mohammed
Department of Mathematics, Basic Education College, Misan University, Iraq
ABSTRACT

In this concordance, Adomian Itemization techniques, microwave-prepared to various enliven obstructions in
consistence movement in charge to come into ownership of an inexact express arrangement anent respect to Melting Ice
issue. The crushing approximations of Adomian Crack-up draw close to going up against assign accordingly go astray the
hindrance assets of the moving limit esteem issue are fulfilled. Note the lack of cardinal issuing, the side-effect means are
classified and graphically contrasted with these due to a few creators. The numerical front profit oneself of our advantage

indicated indubitably acceptable concurrences with others, less disturbed few bases have been adjusted.
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1. INTRODUCTION

The term moving limit issues (MBP's) are usually utilized when the limit is related with time subordinate issues
and the limit of the area isn't known in cutting edge however must be resolved as an element of time and space.
Moving limit issue have gotten much consideration because of their viable significance in designing and science [12].
These issues wind up a nonlinear due present of moving limit [6] and consequently their scientific express arrangement are

hard to get when all is said in done.

Stefan issues (stage change issues) is one class of moving limit esteem issue and in addition, application,
See Crank[7] and Hill[9]. The class of Stefan issue (MBP'S) is fascinating a direct result of its nonlinearity nature that is
related to the moving interface has appeared in [6]. Because of the essence of moving interface, their correct arrangement
is restricted. Along these lines, Many rough arrangements have been utilized to take care of this issue numerical
[4],[5],[17-20], Stefan issues with time-subordinate limit condition requires some uncommon procedures. In [19], [20],
[24]. Savovic and Caldwell [22] exhibited limited distinction arrangement of one-dimensional Stefan issue with occasional
limit conditions. Ahmed [3] talked about another calculation for moving limit issue subject to intermittent limit conditions.
In 2009, Rajeev et al. [15] utilized variational emphasis strategy to take care of a stage change issue with a time
subordinate limit condition and the outcome is gotten in term of Mittag-Leffler work. In 2012 Rajeev and M.S. Kushwaha

[14] utilized adomaian disintegration strategy to take care of a Stefan issue with the intermittent limit condition. In 2014
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Radhi A.Zaboon and Ahmed I. Mohammed[21] utilized Homotopy Perturbation Method to fathom one — dimensional

stage change issue with non — uniform introductory temperature.

In this paper, an inexact unequivocal approach is intrigued by means of an Adomian Decomposition strategy with

a few changes the acquired outcomes are contrasted and the correct arrangement [23].
2. DESCRIPTION OF THE PROBLEM (MELTING ICE) [23]

The issue of dissolving because of the warmth contribution at a settled limit have been utilized as a part of
Furzeland [13] and others, as a moving limit esteem issue (Stefan writes issue) of one stage change issue without

introductory condition, and can be available as takes after:

ou(xt) 92u(x,t)
at  oax?

,0<x<s(t), 0<t<1 (1)

Subject to the limit conditions:

U (0,t) = —et, t >0 )

u(s(),t)=0,t>0 ©
du(s(®).) _ ds(t)

—— = t> 0 @

Also, the moving limit is subjected to:
s(0) =0 (5)
Where u (x.t) is the temperature at remove X and time t, s(t) being the situation of the interface at time t
3. ANALYSIS OF ADOMIAN DECOMPOSITION METHOD WITH (SIMPLE ALGORITHM)
Think about the condition
F(u(x) )=9(x) Q)

Where F speaks to a general nonlinear customary or fractional differential administrator, including both straight
and nonlinear terms, and g is a given capacity. The direct terms in F(u(x)) are deteriorated into Lu+Ru, where L is an
effortlessly invertible administrator (more often than not the most noteworthy request subordinate), and R is the rest of the

straight administrator. In this way, the condition (6) can be composed as
Lu+Ru+Nu=g (7

Where, Nu shows the nonlinear terms. By fathoming this condition (7) for Lu, since L is invertible, and applying

the backward administrator L=2on the two sides yields
u=A+L"1(g) — L7 (Ru) — L™ (Nw), (8)
Where A can be found from the limit or introductory conditions.
Adomian strategy expects the arrangement u can be ventured into infinite series as,
U= Yooy 9)
And F (u) as the summation of a series, say;
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F(u) = Xn=0An(Uo, Uy, -ov, Up) (10)

WhereA,,’s, called Adomian polynomials, has been introduced by the Adomian himself by the formula:

An(tt Uy, ooy ) = — 2 [F(EE ui2) |10 (12)

Numerous computational algorithms are accessible to process adomian polynomial, for instance [1],
[2],[8],[11],[25]. In [10] given an appropriate and more straightforward one, along these lines, we have received this

algorithm and as takes after for computing 4y, 44, ... 4,
Step 1: Input nonlinear term F(u) and n, the number of Adomian polynomial needed.
Step 2: Set A, = F(up)
Step 3: Fork = Oton — 1do:
Ap(ug, Uq, o uy) = AUy + WA, o, Uy + (k + DugqA)
{ind,:u;» u; + (+ Dy A fori= 01,..,k}

Step 4: Taking the first order derivative of A;, with respect to A, and then let

d
A= OiﬁAkh:o = (k+ DAks1

End do
Step 5: Output Ay, 44, ... 4, .
According to the above Algorithm, Adomian polynomials will be computed as follows:

Ag = F(uo)
d ,
A= aF(uo + w1z = urF (uo),

A—ii( + 2u, ) F (uy + /1)| — w,F(uy) + 2 F 12
2= 3m (uy u D) F (ug + uy ) = u,F(up) P (uo), (12)

1=0
And so on. The components of u,,n > 1.
Remarks 1
o u(s(n),t) =0, determined the heat distribution at the moving interface equals to zero
e Due to the presence of the moving boundary (1)-(5), the problem is highly nonlinear.
e The initial domain of interest is of length 0, (0 < x < s(0) = 0) at t=0.
4. DETERMINATION OF THE NO MINAL SOLUTION uqy(x,t) AND so(t)
The nominal solution uy(x, t) and s, (t) which are needed for ADM are suggested as follows:
From the Stefan condition (4), we have that

ds(t)_ du(s(t),t)
a  ox

te[0,1]
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That s(t) = s,(t) and at t = 0, we have u(x, t) = uy(x,t)

t dso(t) _
f“ at le=o 1

So(t) — s0(0) = t, from(5)
se(t) 2t

ugy(x, t) is selected such that

dso(t) _ Iu(so(0), t)
dt B ax
t=0 t=0
ds,(t a 0),0
So(t) __ Uy (50(0) ),from(S)
at | _ 0x
t=0
dSO(t) auO(OJO)
T . = —T,from(Z)

Uo(so(t),t) = 0 and u, (0,t) = —et

Ahmed Ismail Mohammed

Thus, assuming that uy(x,t) = (x — so(t))a so that only one condition u, (0,¢) = —et is needed

Uy, (0,t) =a £ —ef

uo(x,t) = (x — so(1)) (—eh)

Hence the nominal solution
ug(x, t) = et(s(t) — x)
so(t) =t

Remarks 2

(13)

(14)

Based on the problem formulation (1-5) and our choice of the linear operator L of the (ADM), as discussed in (8)

the following options are firstly discussed

e On the off chance that one pick L as the whose straight administrators of the issue (1-5) as L £ L; — L,

and N(u)20. The converse administrator.~? is hard to get, subsequently, this choice is discarded.

e Ifone can choose L £ L., .The trivial solution is obtained.

e On setting L of (8) as L = L,, and counting the rest ofL; in the nonlinear part N(u) of (ADM), this alternative is

adjusted and as takes after:

5. SOLUTION OF THE PROBLEM (1-5) VIA (ADM)

Based on remarks (2), write the equation (1) in an operator form

Lu(x,t) = Liu(x, t),0 <x <s(t),t>0

L=

WhereL,, = P

a2,
ax?’
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Expecting that the reverse administrator L,, ~* exists and

Lee ') = [ f; ()dxdx

Applying the inverse operator L, ~* on both side of the equation (15)
u(x,t) —u(0,t) = Lxx_l(Ltu(x, t))

Choosing the initial approximation of u(x, t) and s(t) as given in (13),(14)
up(x, t) = et(sp(t) — x)

so(t) =t

According to the Adomian decomposition method (8), decomposition the unknown function u(x, t) as follows:
ulx, t) =uglx, t) +u (x, t) + uy(x,t) + -

Where the components uy (x, t), u, (x, t), u,(x, t), ... are defined as

uo(x,t) = u(0,t) = ef(so(t) — x)

Uy (6, 8) = Ly M (Leug(x, 1) = fox fox((Lt(et(so(t) - x))) dxdx

= %xzet(Bt—x+3) (16)

uy (%, 6) = Ly (Lewy (6, 0)) = [ fox(<Lt (%xzet(3t —x+ 3))) dxdx

= Lx‘*et(St —x+10) 17
120
Uz (x,t) = Ly ' (Leuy(x, 1)) = fox fox <%x4et(5t —x+ 10)) dxdx
=1 ,6ot(7s _
= ooXe (7t —x + 21) (18)

Thus
ux, t) = uglx, t) + u (o, t) + uy(x, t) + us(x, t) + -

u(x, t) = et(se(t) —x) + %xzet(St —x+3)+ jx“et(St —x+10) + ﬁxﬁet(% —x+21) +
(19)
From (4), the Stefan condition for this problem is very interesting in testing the results then on setting:

_ou(s(e),t) _ ds(D)
ox T oat

On integration both side with respect to t from 0 to t one gets

tds(t) _ t du(s(t),t)
N —dt = Jo —dt
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s(t) = 5(0) = — [} 250D gt 5(0) £ 54(0)

t du(s(t),t)
209 4t (20)

s()s(0) - J,
Decomposing s(t) as,

s(t) = Xn=oSa(t) (21)

When s, (t) are suitable choose continuously differentiable function based on the nature of the moving s(t) which

is changing smoothly on this problem, by this assumption. Using (4) and (19), we have the following:

F(S(t)) au(s(t) t)

F(so(D) = so(®el.(Bt=50()+3) _ (so®)%et  (s0() "t  (s0()°e ot 4 (s0(®))> et (5t=s50(t)+100) +
3 6 120 5040 30

(so(t))s.et.(7t—so(t)+21)+

840
(22)
Where the initial approximation as assumed s, (t) = t from (20) and (21), we have got
00 t o0
Zn:O Sp = 50(0) — fo (anoAn) dt
Where A,, so-called Adomian polynomials for non-linear terms and defined as
Ay = F(sp),
dF
A1 d_SOSl’
A, = ar + 1.2 dZ_F
27 ds, S2 ZS 1 4502
And so on, the components of s, (t),n = 1, can be completely determined as follows:
s1= [, Ao dt (23)

s = ft so(t)et.(3t—so(t)+3) _ (so(t))z.et _ (so(t))4.et _ (so(t))G.et ety (so(t))s.et.(St—so(t)+100) n (50(t))s.et.(7t—50(t)+21) n
17 Jo 3 6 120 5040 30 840
. ) dt

= (2et +2t%t — e3¢t + Zttel — S t%et + -t — 3te’ — 2+..)
And so on. The approximate explicit solution of the moving s(t)of the problem (1)-(5) is then obtained by:
s(t) =sg+ s+
s(t) = 0—(Zet+2tzet—%t3et+25 et —=tSet +——tdet — 3tet —2+.. ) (24)

To define an accuracy criterion of this approach, the Stefan condition (4) is used and as follows:

du(s(t)t) _ teh.3t-t+3) (et  (©)*el! (®)%ef 4 n ()3.et.(5t—t+100) n t)5.et.(7t—t+21)
ax 3 6 120 soa0 ¢ 30 840

+ - (25)
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And
ds(t) t2et 3¢l ttel  tSet  tbel
=et————— —— —— —— —¢e! (26)
dt 3 8 40 144

From (25) and (26), the following error criterion is defined and we called it as the absolute error for Stefan

condition, i.e
Absolute error £ |— W - d.;_(tt) (27)
We have used the absolute error (27) and adjusting the number of bases for u(x, t) and s(t) as follows:
u(x,t) = X2, uy(x, t) (28)
s(t) = X2, si(0) (29)

Based on the following simulation, the number n, and n, are selected.
The simulation of descritized time-interval t € [0,1], for sometimes for

ny = 4,n, = 2 is shown below

Table 1
t — Qe O () Absolute Error
ax dt
0 1 1 0
0.01 0.99989916 0.99989882 3.4e-7

0.02 0.99959330 0.99959053 0.00000277
0.03 0.99907734 0.99906781 0.00000953
0.04 0.99834619 0.99832315 0.00002304
0.05 0.99739471 0.99734882 0.00004589
0.06 0.99621776 0.99613685 0.00008091
0.07 0.99481018 0.99467907 0.00013111
0.08 0.99316682 0.99296706 0.00019976
0.09 0.99128254 0.99099216 0.00029038
0.1 0.98915225 0.98874548 0.00040677

Remarks (3)

e Of the table (1) on selection the number n, and n,, we have checked the error forn, = 0,1,2,3n, = 0,1,
and thenn, = 4,n, = 2 have a reasonable absolute error as show below. Thus n, = 4, n, = 2 have been adapted

for simplicity. One can also increase the accuracy by selecting more bases in u(x,t) and s(t), i.e (ny > 4,n, >
2).

e The approximation solution u(x,t) and the moving boundary s(t) are then (13) and(14), for n, = 4, n, = 2,

respectively
e  The comparison have been implemented with exact solution given in [23], where
i(x,t) =et™> -1 (30)

s =t (31)
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From (19) and (24), (30) and (31), the following comparisons are made, where u(x,t) and s(t) are computed

using the present approach.

Table 2

0 0 0 0
0.02 0.02 0.01999728 0.00000272
0.04 0.04 0.03997790 0.0000221
0.06 0.06 0.05992408 0.00007592
0.08 0.08 0.07981682 0.00018318
0.1 0.1 0.09963575 0.00036425

V| exact 3
-« the present method |

P S T T S
0 001 002 003 004 005 006

t

Figure 1

I
007 008 009 01

Since the absolute error is the error is very good, even with a very small number of bases, the solution u(x, t) is

presented with comparisons for n; = 4 and as follows

Table 3: The Numerical Results for Different Value of x and t, with Comparison

0.05 | -0.04877057 -0.04877031 2.6e-7
0.10 | -0.09516258 20.09515841 0.00000417
0.15 | -0.13929202 20.13927089 0.00002113
0.20 | -0.18126924 018120240 0.00006684
0.25 | -0.22119921 20.22103577 0.00016344
| 002 [ 0 [ 002020134 [ 002040402 [  0.00020268 |
0.05 | -0.02955446 -0.02932600 0.00022846
0.10 | -0.07683365 20.07657460 0.00030905
0.15 | -0.12190456 0.12145035 0.00045421
0.20 | -0.16472978 016404946 0.00068032
0.25 | -0.20546639 0.20445601 0.00101038
| 004 [ 0 [ 004081077 [ 004163243 |  0.00082166 |
0.05 | -0.00995016 -0.00907618 0.00087398
0.10 | -0.05823546 20.05720113 0.00103433
0.15 | -0.10416586 0.10285297 0.00131289
0.20 | -0.14785621 0.14612955 0.00172666
0.25 | -0.18941575 20.18711618 000229957
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Remarks 4

e As appear, the comparison on are very good and shows the efficient of the present approach.

Table 3: Contd.,

0.05 | 0.01005016 0.01200374 0.00195358
0.10 | -0.03921056 -0.03701367 0.00219689
0.15 | -0.08606881 -0.08345465 0.00261416
0.20 | -0.13064176 -0.12741868 0.00322308
0.25 | -0.17304086 -0.16899234 0.00404852
0.08 0 0.08328706 0.08666296 0.0033759
0.05 | 0.03045453 0.03393906 0.00348453
0.10 | -0.01980132 -0.01598723 0.00381409
0.15 | -0.06760618 -0.06323060 0.00437558
0.20 | -0.11307956 -0.10789220 0.00518736
0.25 | -0.15633518 -0.15005988 0.0062753
0.1 0 0.10517091 0.11051709 0.00534618
0.05 | 0.05127109 0.05675573 0.00548464
0.10 0.0 0.00590382 0.00590382
0.15 | -0.04877057 -0.04215540 0.00661517
0.20 | -0.09516258 -0.08752481 0.00763777
0.25 | -0.13929202 -0.13029353 0.00899849

39

e From table (3) showed the an accuracy is very good, even a small number of a basis for (ADM), n, = 4,n, = 2.

To increase the accuracy, one can increase the numbersn,andn,
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ufx.t)

: — exact
i i { | the present method
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Remarks 5

Figures (2)-(5) present the numerical comparison of u(x, t) and @(x, t) for different value of time
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7. CONCLUSIONS

The Adomian Decomposition strategy is effectively connected to locate a surmised unequivocal articulation of
temperature dissemination in fluid locale and the interface position of a Stefan issue (1)- (5), respectively, the underlying
approximations of u(x, t) and s(t) are selected to accomplish limit state of the first issue (1)- (5) and moving limit

condition.

The choice of the ostensible answer for u(x, t) and s(t) by choosing on fitting capacity, fulfilling the limit
condition and Stefan condition encourages us to settle such a kind of moving the limit esteem issue effectively and speak to

an upgraded approach for such sort of issues.
REFERENCES
1. Adomian G., “Solutions of nonlinear PDE”, Appl. Math Lett., Vol.11, pp.121-123, 1998.

2. AM. Wazwaz, “A new algorithm for calculating Adomian polynomials for non-linear operators”,

Appl. Math. Comp. Vol.111, pp.53-69, 2000.

3. Ahmed, S. G., “A new algorithm for moving boundary problem subject to periodic boundary condition”, Int. J. of
Numerical Methods for Heat and Fluid Flow, Vol.16, pp.18-27, 2006.

4. Asaithambi N.S., “A Galerkin method for Stefan problems”, Appl. Maths. Comp., Vol.52, pp.239-250, 1992.

5. Asaithambi N.S., “4 variable time step Galerkin method for one dimensional Stefan problem”,
Appl. Maths. Comp., Vol.81, pp.189-200, 1997.

6. Shakil, M. U. H. A. M. M. A. D., et al. "A Comparison of Adomian Decomposition Method (ADM) and Homotopy
Perturbation Method (HPM) for Nonlinear Problems." International Journal of Research in Applied, Natural and
Social Sciences 1.3 (2013): 37-48.

7. Carslaw H. S. and Jaeger J.C., “Conduction of Heat in Solids”, 2" ed., Oxford university press, London,
1959.

8. Crank, J., “ Free and Moving Boundary Problem”,Oxford University Press, Oxford, UK, 1984.

9. E. Babolian, Sh. Javadi, “New method for calculating Adomian polynomials”,Appl. Math. Comp., Vol. 153,
pp. 253-259, 2004.

10. Hill, JM, “One- dimensional Stefan problems, An Introduction”, Longman Scientific and technical, New York,
1987.

11. J. Biazar and S. M. Shafiof, “A Simple Algorithm for Calculating Adomian polynomials”, Int. J. Contemp.
Math. Sciences, Vol.2, no. 20, pp. 975-982, 2007.

12. J. Biazar, E. Babolian, A. Nouri, R. Islam, “An alternate algorithm for computing A domain polynomials in
special cases”, App. Math. Comp., Vol.138, pp. 523-529, 2003.

13. Okendon J. R. and Hodgkins, “Moving Boundary Problem in heat flow and diffusion”, eds., clarendon press,
oxford, 1975.

Www.iaset.us editor@iaset.us


http://www.iaset.us/

42

14

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

Ahmed Ismail Mohammed

R. M. Furzeland, "A comparative study of numerical methods for moving boundary problems”, J. Inst. Math.
Appl., Vol. (4), pp.411-429, 1980.

Rajee, and M. S. Kushwaha, “An Approximate Approach for a Stefan Problem with periodic boundary
condition”, J. of Engineering, Computers and Applied sciences (JEC and AS), Vol.1, no.1, pp.2319-5606, 2012.

Rajee, Rai.K. N.Das, S., “Solution of one dimensional moving -boundary problem with periodic boundary

condition by variational iteration method”, Thermal Science, Vol.13, pp.199-204, 2009.

Rajeev, “Homotopy perturbation method for a Stefan problem with time variable latent heat”, Thermal Science

(Accepted), 2012.

Rajeev, Rai. K N. Das. S., “Numerical solution of a moving-boundary problem with variable latent heat”,
Int. J. Heat and Mass Transfer, Vol.52, pp.1913-1917, 2009.

Rizwan-Uddin , ” A nodal method for phase change moving boundary problems”, Int . J. Comp Fluid Dynamics,
vol.11, pp.211-221, 1999.

Rizwan-Uddin, “An approximate solution for Stefan problem with time dependent boundary condition”,
Numerical Heat Transfer, part B, Vol.33, pp.269-285, 1998.

Rizwan-Uddin, “One dimensional phase change problem with periodic with periodic boundary conditions”,
Numerical Heat Transfer A, Vol.35, pp.361-372, 1999.

Radhi A. Z. and Ahmed I. M. ,"Approximate solution to one — dimensional phase change problem with
non-uniform initial temperature via homptopy perturbation approach”, Int. J. of Appl. Or Innovation Engineering
and Management, Vol.3, pp.29-38, 2014

Savovic, S. and Caldwell, J., “Finite difference solution of one-dimensional Stefan problem with periodic
boundary conditions”, Int. J. Heat and Mass transfer, Vol.46, pp.2911-2916, 2003.

Xiangmin XU, "Moving Mesh Methods for Moving Boundary Problem and higher Order Partial differential
equatios", M.SC. Thesis, Simon Fraser University, 2008.

Yao, L. S. Prusa, J., “Melting and freezing”, Adv. Heat Transfer, Vol.19, pp.1-95, 1989.

Yonggui Zhu, Qianshun Chang, Shengchang Wu, “A new algorithm for calculating Adomian polynomials”,
Appl. Math. Comp., Vol.169, pp.402-416, 2005.

Impact Factor (JCC): 4.1647 NAAS Rating 3.45



